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Abstract. The existence of a semigroup of solution operators associated with a
second order infinite dimensional parabolic equation of the form du/dt=L.u was
previously established by the author. The present paper investigates the relationship
between L, and the infinitesimal generator % of the semigroup. In particular, it is
shown that % is the closure of L, in a natural sense. This in turn implies certain
uniqueness results for both the semigroup and for solutions of the parabolic equation.

I. Introduction. A pure second order linear differential operator acting on a
function whose domain is an open subset of a real separable Hilbert space H is
of the form L, f(x)=trace [A(x)f"(x)]. A(x) is a linear operator on H and f” is the
second Fréchet derivative of /. When H is finite dimensional this coincides with the
usual definition, and L,f(x) exists provided f"(x) exists. However, when H is
infinite dimensional, summability questions arise—for example, whether A(x)f"(x)
is of trace class. Another dissimilarity to the finite dimensional case is related to the
nonavailability of a substitute for Lebesgue measure which is countably additive
on H. This is the reason that we work within the context of abstract Wiener space.

In a paper entitled Potential theory on Hilbert space [4], L. Gross has discussed
the Laplacian, the related heat equation and the similarities and dissimilarities
between finite and infinite dimensional situations. Previous work of the author
[7), [9], [10] has centered on extending the results of Gross to second order differ-
ential operators with variable coefficients. The present work continues in the same
spirit.

The existence of a fundamental solution for du/ot=L.u is known under certain
smoothness and ellipticity hypotheses on A(x). Associated with this fundamental
solution is a semigroup of “‘solution operators’’ {g; : > 0}. In the finite dimensional
case a variety of uniqueness results are available: for the fundamental solution,
for the semigroup, and for individual solutions of the differential equation. The
proofs of such results have generally not been adaptable to an infinite dimensional
situation. Consequently, very little is known concerning uniqueness, even in the
case of the Laplacian. This paper was motivated by the desire both for uniqueness
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results and for a better understanding of the relationship between the infinitesimal
generator of {g,} and the differential operator L,. It turns out that uniqueness of the
semigroup is a consequence of the fact that the infinitesimal generator is the closure
of L, in a natural sense.

§II deals with the background and necessary notation. In §III we present the
results connecting L, and {g,}, including uniqueness results. All smoothness
estimates involving {g;} which are necessary for proofs of the results of §III are
deferred until §IV. In §IV we present only such estimates.

I1. Background and notation. Let H be a real separable Hilbert space with inner
product (-, -) and norm |-|. Let || - || be a fixed measurable norm on H in the sense
of Gross [3] and B be the completion of H with respect to | - ||. The triple (H, B, i)
where i is the inclusion mapping of H into B is known as an abstract Wiener space
[3]. Denoting by B* and H* the topological dual spaces of B and of H respectively,
we may consider B* as being embedded by restriction in H*. If then H* is identi-
fied with H via the inner product (-, -), we may regard B* as contained in H and
hence, via i, as contained in B. {-, -> will denote the natural pairing of B* and B.
For each ¢>0, p, will denote the Wiener measure on the Borel field of B which is
determined by Gauss cylinder set measure v;, with variance parameter ¢, on H [3].
For x in B and for each Borel set I" in B, p/(x, I')=p/(T"—x).

We will deal with two notions of differentiability of a function f from B to some
Banach space W. f will be called B-differentiable at x if fis Fréchet differentiable
at x. This derivative will be denoted by Df(x) and it is a member of the space
L(B, W) of bounded linear maps from B to W. We also may consider the behavior
of f only at points of the form x+#4 with h in H. Then we will say that fis H-
differentiable at x if there exists an f'(x) in L(H, W) satisfying

|f(x+h)—fx)=f"(x)h|lw = o(|h])

for small 4 in H. Since the H norm is stronger than the B norm, B-differentiability
of fat x implies H-differentiability of fat x. We will write | Df(x)| and |f’(x)| for
the L(B, W) and L(H, W) norms respectively.

Let L, be a second order differential operator of the form

L,f(x) = trace [4(x)f"(x)]
where A(+) is a map from B to L(H) (=L(H, H)), and f'is a real-valued function on
B. We will denote by L, , the differential operator
L, u(x, t) = trace [A(x)u"(x, t)]—(9/0t)u(x, t)

where u is a real-valued function on B x (0, ) and ' denotes H-differentiability, for
t fixed. We say that L.f or L, u exists if the relevant derivatives exist and if
A(x)f"(x) or A(x)u"(x, t), respectively, is trace class in L(H). Under certain hy-
potheses on L, concerning ellipticity and smoothness, it is established in [7] that a
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fundamental solution for L, u(x, t)=0 exists. Explicitly, if we assume that A(x)
is of the form I'— B(x), where

(i) B(x) is a symmetric member of L(H) and there exists an ¢>0 such that
B(x)=(1—¢&)I for all x in B;
(ii) there exists a symmetric Hilbert-Schmidt operator E on H such that B(x)
is of the form EB,(x)E, where Bo(x) € L(H) and |Bo(x)| <1 for all x in B;
(iii) D?B,(x) exists and is a bounded Lip-1 function from B to

L(B — L(B — L(H)));

(iv) || DBo(-)| is uniformly bounded;
(v) there exists a constant ¢ such that for any orthonormal basis {e;} of H we
have Y, | DB,(x)e;|3x, < ¢, independently of x in B;

then there exists a family of finite real-valued signed Borel measures
{g{x, dy) : 0<t<o0, x € B} on B such that if

af@ = [ foatx, d)

then, for each bounded real-valued Lip-1 function f on B, L, ,q,f(x)=0 for all x
in B and ¢>0. Moreover, |g.f—f|-—>0as? | 0.

Henceforth we will assume that A(x) satisfies the preceding conditions (i)-(v).
With a few additional hypotheses of a technical nature, it is shown in [9] that
q:(x, dy) is a probability measure on B and ¢,g,f(x)=¢,,.f(x) for each bounded
real-valued measurable function f on B, for all s and ¢ greater than 0 and for all x
in B.

It has recently been announced by Kuo and Piech [6] in the presence of the
additional hypotheses

(vi) there exists an increasing sequence {P,} of finite dimensional projections on
B such that P,[B]< B*, {P,} converges strongly to the identity on B, and {P,/H}
converges strongly to the identity on H;

(vii) B(-): B— L(B, B*);
that {g,(x, dy)} is a family of probability measures satisfying the aforementioned
semigroup property. Henceforth we will assume that (vi) and (vii) hold.

The following outlines the approach of [6]. Let Q denote the space of continuous
functions w from [0, o) into B and vanishing at 0. .# is the o-field of Q generated
by the functions w — w(?). £ is that unique probability measure on .# for which
the condition 0=t,<t,<---<t, implies that w(t;,;)—w(t;), 0<j<n—1, are
independent and w(t;,,)—w(#,) has distribution measure p, ,, _,, in B. The process
W, defined by W(w)=w(?) is called a Wiener process on B. Regarding A(x) as a
member of L(B), which is made possible by (vii), it is shown that the stochastic
integral equation

) X() = Xo(w)+ f [AX(@)]2 dW,(w)
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has a unique solution X, which is a homogeneous strong Markov process. Defining
Guz(x, dy) = P{X,edy : X, = x},

it is asserted in [6] that g,(x, dy)=4§,(x, dy) for all t>0 and x in B. For the proof
of this theorem, it is necessary to verify the following: (*) For each bounded
real-valued Lip-1 function f on B, the maps (x, t) = (g.f)'(x) from Bx (0, c0)
to H with |-| and (x, t) = (¢.f)"(x) from Bx (0, ) to the space of trace class
operators on H with trace class norm are continuous.

Since [6] is an announcement and does not contain a proof of (*), we will make
these estimates as part of §IV.

As a consequence of the equality of g, and 4;, we have the following uniqueness
result:

THEOREM [6]. Assume L, and B satisfy (i)-(vii). Then the family {q,(x, dy) : t>0,
x € B} whose existence is established in [7] is unique among families {u(x, dy) : t>0,
x € B} of bounded real-valued signed Borel measures on B which satisfy the following
requirements:

For each bounded real-valued Lip-1 function f on B, setting p,f(x)= [ , f(y)ux, dy),

(2) puf (x) satisfies L yuf(x)=0,

®) luf—flo—>0ast 0,

©) (x,t) > (wf)'(x) and (x, t) — (n.f)"(x) are continuous from Bx (0, ) to H
and to the space of trace class operators on H respectively.

We will denote by £ the Banach space of bounded uniformly continuous real-
valued functions on B with the sup norm |- || .. &/ will denote the Banach space of
Lip-1 functions fin %, with norm

£l = Iflw+inf{c : [f(x)=f(»)| = ¢[|x—y] for all x and y in B}.

It is established in [10, Theorem 4] that {g, : £>0} forms a strongly continuous
contraction semigroup on %, We remark that the results of [10], while presupposing
that the g,(x, dy) are probability measures and satisfy the semigroup property,
are independent of the additional hypotheses made in [9]. Let % denote the
infinitesimal generator of the semigroup {g;} on -£. We define & as the set of all f
in Z such that f’ is continuous as a map from B to H and f” is bounded and
uniformly continuous as a map from B to trace class operators on H. L, f is thus
defined for all fin &, In §III we establish that & is in the domain of %. This proof
utilizes the representation of {g;(x, dy)} as the family of transition probabilities
of the solution of the stochastic integral equation (1), and thus relies on the smooth-
ness properties (*¥) which we establish in §IV. The proof also utilizes Kuo’s general-
ization of a formula of K. Itd to stochastic integrals on abstract Wiener space
[5, Theorem 4.1]. We are eventually able to show that {g,} is the unique contraction
semigroup on % whose infinitesimal generator extends (L, <%).
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The facts from basic semigroup theory which we will use in the next section may
all be found in Dynkin [1, Chapter 1]. In particular, we now quote two such
theorems for future reference.

THEOREM [1, THEOREM 1.1). Let T, be a contraction semigroup on a Banach
space V and let O be its infinitesimal generator. Let Vy={g in V: |T,g—g|v — 0 as
t | O}. Then for arbitrary g in V, the equation Af—Of=g (A>0) has one and only
one solution f in the domain Dy of 0. This solution is given by the formula

f=J e MT,g dr.
0

Moreover |fly=(1/N)] g]v-

THEOREM [1, THEOREM 1.2]. Let T, and T be two contraction semigroups on a
Banach space V. If their infinitesimal generators coincide, then T,g=T.g for all g
in Vo. Here V, does not depend on which of the two given semigroups determines it.

ITI. The relationship of % and L,. We begin the study of the relationship
between % and L, by proving that if fand its first two H-derivatives are reasonably
smooth then f'is in the domain of % and % coincides with L, on f. Recall that the
domain of % is defined as the set of all fin £ which satisfy ||(g,f—f)/t||» converges
as t | 0. %f is defined to be the limit of (g, f—f)/t.

THEOREM 1. & is in the domain of %. For f in &, Uf=L.f.

Proof. Fix x in B and fin < Let X, be the unique solution of the stochastic
integral equation

Y@ = x4 [ A @)1 dW, )
Then g,5(x, dy) =2{X, € dy}. Applying It6’s formula [5, Theorem 4.1],
2 fX)-fx) = f: AXDIPf(Xo), dWs» +f: 3 trace [A(X,)f"(X,)] ds.

Letting & denote expectation with respect to 2, it follows from [5, (4) of Theorem
3.4] that

s A2 (X,), dW,> = .

Moreover &(f(X;))=qy2f(x) and

s 0' 3 trace [ACK)"(X)] ds = [ gualh trace A" ()] ds

Setting g(x)=% trace A(x)f"(x), we take expectations on each side of equation
(2), obtaining

Guaf () —f(x) = j Gung (x) ds.
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since g € & and {q,} is strongly continuous on %, This shows that #f=2g=L,f,
as desired.

ReEMARK. The choice of & was determined by the following considerations.
& must naturally be a subset of % since we are considering the semigroup {g,} as
acting in 2. f” and f” must have sufficient smoothness to enable use in equation (2)
of Itd’s formula—that is, /' must be continuous from B to H and f” must be con-
tinuous from B into the space of trace class operators on H. Finally, we used the
requirement that g,(trace 4(x)f"(x)) be strongly continuous at =0. This is achieved
by requiring L, f(x) to be in Z. Since A(-) and A(-)~! are bounded and uniformly
continuous from B to L(H), L.f(x) is in £ if f’(-) is bounded and uniformly
continuous from B to the trace class operators on H.

Let us regard the differential operator L, as having domain of definition the
subset & of %, and thus as having range in #. From basic semigroup theory,
is a closed operator. That is, {(f, %f) : fis in the domain of %} is closed in £ x .Z.
The next theorem shows that % is equal to the closure of (L,, &).

Thus

quof—f
t/2 28 ©

I

21t 2t
;’ j (gs28—g) ds| <= ;f 9528 —8 || » ds
0 ® 0

£2 OsuBt lgs28—glle —>0 ast | O

THEOREM 2. & is dense in the domain of % in the graph norm.

The proof of Theorem 2 is provided by the following two lemmas. Recall that &/
consists of the Lip-1 functions in 2,

LEMMA 2.1. For fin %, let

©) 0f(x) = e af)x) dr.
Then fe o = Qfe &.

The proof of Lemma 2.1 will be provided by the smoothness estimates which we
will make in §IV.

LEMMA 2.2. {Qf : fe &} is dense in the domain of U with respect to the graph
norm.

Proof. Assume u is in the domain of %. Set g=(I—%)u. Then it is a consequence
of the strong continuity of g, that

u=-0)g= [ eag .

By a lemma of Gross [4, Lemma 3.2.1], & is dense in £ with respect to the sup
norm. Thus, given ¢>0, we may find f € & such that |g—f |~ <e. Set

v=({I-2)"f=0f
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Since |(/—%)~*|| <1, we have |u—v| . <eand
|%u—Uv| = |U-2-Du—0)|w = |- V) u—0)]o+ [u=0]

= lg—fllotlu—v]o < 2e.

The question now naturally arises of whether any larger closed extension of
(L., &) can exist and generate a contraction semigroup on %. Or, putting this
question in a different and less rigorous form, is the family of solution operators
{g:} associated with L, ,u=0 unique? This is answered by the following theorem,
whose proof is a simple consequence of basic semigroup theory coupled with the
fact of strong continuity of {g,} on Z.

THEOREM 3. If {g; : t>0} is a contraction semigroup on £ whose infinitesimal
generator U’ extends (L, &), then q; =q, for all t>0.

Proof. We need only show that the domain of %’ coincides with the domain of
% and that %' =% on their common domain. Since (%’, 24-) must be closed and
since (%, %) is the closure of (L,, &), we automatically have (%', 24.)> (%, Da).
Suppose now that f€ Dy.. Set g=f—U'f. Define £,={h in £: |gih—h|, — 0 as
t | 0}. Since £,> Py and %': %, — ¥,, we have ge %, Thus f is the unique
member of 2. satisfying f—%'f=g. Since g, is strongly continuous on %, there
exists a unique fin Dy such that f— %f=g. But since fe Dy, %'f=%Uf and so f=f.
Thus (%’, @ql')c (021, 90)1).

REMARK. The preceding theorem may also be proved by application of the
corollary to Theorem 1.1 of [1].

Uniqueness of individual solutions of L, ;u=0 has not yet been studied. Theorem
1 provides us with a rather large set () of specific functions in the domain of %
and tells us how % acts on these functions. Theorem 1.3 of [1] now immediately
gives the following uniqueness result.

THEOREM 4. For fin , the function u(t, x)=gq,f(x) is the unique solution of L, u
=0 which satisfies the conditions:

(a) u(t, -) is Borel measurable,

(b) oujor exists uniformly (|- || ) and is uniformly continuous for t=0,

(©) [lu(t, )| o =c1 exp (cot) where ¢, and c, are some constants, and

@) fu(t, )=f()|o —>0asz | 0.

IV. Smoothness of g,f(x). For a Borel set I" in B, equation (32) of [7] shows
that ¢,(x, I') is of the form

-

t
@ ae T) = e, D)+ [ (o, T (s, ) i
where {r(x,dy) : t>0, x e B} and {r(x, dy) : t>0, x € B} are families of finite
real-valued signed Borel measures on B. We will employ the notation

S = [ SOy b, nf) = [ 1w, ).
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The desired smoothness properties will first be established for r,f(x), together
with some estimates which will enable us to carry limits through the time integral
which occurs in the expression for g,f(x). Smoothness in the case where g,(x, dy)
=p,(x, dy) has been established in Theorem 3 of [4]. Estimates occurring therein
are fundamental to the calculations which follow.

For f bounded, real-valued Borel measurable on B,

©) i f(x) = L [det A(y)]~ 2 (p)e = o -0-x=00ip,(x, dy),

with C(x)= A(x) ~*—I. The exponential term is to be interpreted as that measurable
function on B determined by the function y — (C(x)(x—y), x—y), which is defined
on H+x and uniformly continuous near zero in the topology generated by the
measurable seminorms on H+x (see [7], equations (5) and (6)). Define f(»)
=[det A(»)]~Y%f(p). f is bounded and Borel measurable (uniformly continuous,
Lip-1, respectively) if and only if f is. Moreover, f— |f]l» and f— || f|. are
equivalent norms on Z; f— ||f|l, and f— || f], are equivalent norms on .
Letting

mf() = [ foxkplemcomvispdy)

we observe that the change of variables y — y—x gives m,f(x)=r,f(x). Conse-
quently, we will make all our estimates for m,f(x).

The measure my(x, dy) may be interpreted in terms of Wiener measure on a
suitable abstract Wiener space. For 4 and k in H and x in B, define (h, k),
=(A(x)"Y2h, A(x)"Y2k). Let H* be the vector space H with inner product (-, -),.
The topologies given by (-, -) and (-, -), are equivalent, and so we may also

regard B as the completion of H* with respect to |- ||. It is then a consequence of
Theorem 3 of [10] that we may interpret
(6 pi(dy) = [det A(x)]~2e~Cw0i2ip(dy)

as that Wiener measure on B which is induced by Gauss measure on H* with
variance parameter . Thus we have

(M m,f(x) = [det A(x)]"2p5.f(x).

In this form, m, f(x) has a three-fold dependence on x. The change in the right side
of (7) caused by a change in either of the first two occurrences of x is influenced by
the properties of the coefficients A(-); whereas the effect of a change in only the
third “x”’ is independent of the A(-), and is determined by the behavior of the
fundamental solution of the Laplacian.

LEMMA 5.1. There exist constants > 1 and ¢ such that

.[B Lf)pidy) = C{L If(y)l,pl(dy)}l/z

for all x in B, provided f € L*(p,).
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Proof. It is shown in [7, p. 99] that e~ €2 e [1+X(p,(dy)) for all positive
X which are sufficiently close to zero. For such a A, the L'** norm is uniformly
bounded with respect to x. If 7=*+A-1=1, then the lemma follows upon applica-
tion of Holder’s inequality.

By Proposition 1 of [7], for fixed >0 the map x — (m,f)(x) is twice H-
differentiable at each x in B. The derivatives are given by

((mef ) (x), h)

® = @07 [ xR =(C Oy, )+ 2AC) T, p)le™ e dy),
and
(maf) GOk, )
=~ [ flr+UC @Ky, 3)=2C (WIhky, )
©) ~2(C'@khy, )+ 2AC) ", )

—[(C Iy, )= 2A() " h, y)]-(41) 7
U(C'(X)ky, y) —2(A(x) "k, y)}e ™ ¥ Epy(dy),

valid for all 4 and k in H. Making the change of variables y — (2¢)/2y, we observe
that, for fixed A and k in H,

t>mf(x), t—=>((mf)(x)h), t—>(mf)' Xk, h)

are Borel measurable. If in addition fis Lip-1, these three functions are uniformly
continuous on intervals of the form 0 <a=<t<b< 0.

Since H is separable, the weak measurability of (m,f)'(x) implies its strong ¢-
measurability. Moreover, we may estimate the A norm of (m,f)'(x) as follows:

|mf Yl = sup_ [(mf Y2, B

IA

clfle sup { [ 1€ I+ h lle ()}

lIA

C”f” w sup {J; Ihl |Fy |2e—(C(x)!l.!l)l2p1(dy)

heH;|hl=1
07 [ 100, e (@) .
B

¢ always denotes a general constant; it will in general depend on the coefficients
A(-) and on the abstract Wiener space B which are fixed in this paper, but will be
independent of all variables in our calculations. F is a symmetric Hilbert-Schmidt
operator on H such that C(x), C'(x)(-) and C"(x)(-)(-) are of the form FCy(x)F,
FCy(x)(-)F and FC,(x)(-)(-)F respectively. The existence and properties of these
operators are proved in [7). |Fy|? is in L?(p,) for all p21; thus Lemma 5.1 gives
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the existence of a constant ¢ such that

JB IFy|2e—(C(x)y.y)12pl(dy) § c

for all x in B. Upon making the ‘change of variable” y — A(x)'/2y, which may be
justified by Theorem 3 of [11], we obtain

[ 164628, pyle=cceommizp,(ay

< ¢ 164028, )| pi(dy) S cldG)~2h] < el

for all x in B. Thus we conclude that

(10) /Y| < el fla(l+272)

for all x in B, t>0 and for all bounded measurable f.
Writing

((m.f) (x), b)

= L SOe+Q20)12y)[ = (C'(hy, p)[2+2t) M A(x) " h, y)le~ C¥i2p,(dy),

calculations analogous to the preceding show that if fis in &7 then

(11) |0mef) ()= (maf Y () = el fllal]E72— 52+ [ 722 —s712]].

Thus t — (m,f)'(x) is Lip-1 on intervals of the form 0 <a=<¢<b < o0, uniformly for
all x in B.

To establish x-smoothness of (m,f)'(x) we assume that fis in & x — |A(x)| and
x — det A(x) are uniformly bounded above and away from zero, and are in Lip-1
(see [7]). From [7, p. 94] we infer the existence of an x;3 in B such that

[([C"(x1) = C'(x2)]hy, ¥)| = [(D*C(x3)(x1—x2)hy, y)|
[(FCa(x3)(x1 = Xx2)hFy, y)|
cl|xi—x,| - |A|-|Fy |2

IIA I

If B is assigned a fixed value =1 and sufficiently close to 1, calculations in [7, p.
109] show that

{, 1exp (=(CCm I -exp (~(CCm DR} 5 el

Thus, changing variables y — (2¢)*2y in equation (8), applications of Lemma 5.1
and of Holder’s inequality easily yield

(12) |(mef) (1) —(mef) (x2)| = cf| flla: [|x1 = x| (1412 72/2).

We may now conclude that the family {F; : || f|, <1} where Fy(x, t)=(m.f)'(x)
is uniformly equicontinuous as a family of functions from B x (0, o) to H.
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We turn now to consideration of (m,f)"(x). In order that (m,f)"(x) be of trace
class, we will assume that fis in 7. We may write

(mf)"(x) = [det AX)]'2[Vi(x)+ Wi(x)+ X(x)],
where for all 4 and k in H,

(13)  (Vx)k, by = (21)7* L Sx )= (B, k)« +(h, )k, ¥)x[211p5(dy),

(W, h) = f SG+y)— (@) 1(C"(khy, y)

(14 +@1)H(C (K, )+ (C Gk, )]
+(16¢2)~1(C’'(x)hy, y)(C'(x)ky, y)} p5(dy),

and

RCEE [ 76+ 9(=871100 P09, )

+(k, ¥)(C'(x)hy, y)1p5(dy).

We recall that the family of trace class operators in L(H) is
{Te L(H) : Z ([T*T]"2e,, €) < oo for some orthonormal basis {e;} of H},
i=1

with the trace of T defined as Tr T=3%, (Te;, e;) where {e;} is any orthonormal
basis of H. The trace class norm of T is |T|.=Tr [T*T]*'2. The completely con-
tinuous operators in L(H) with |- .4, form the dual of the Banach space of trace
class operators under the pairing <U, V)=Tr U*V, where U is completely con-
tinuous and V is of trace class. Since operators of finite rank are dense in the space
of completely continuous operators, we may write

|T|xe = sup {|Tr [TF)|/|F|.a : Fis of finite rank in L(H) and F # 0}.

For any S in L(H) and T of trace class, ST and TS are of trace class and Tr ST
=Tr TS. Thus the set of trace class operators on H is invariant under a change of
inner product. Consequently, the set of trace class operators and their traces are
the same whether we consider L(H) or any L(H*). However, the trace class norm
varies with a change of inner product. In our case, there exist constants ¢; and ¢,
independent of x in B such that

IT | = e1|Tlean S €al Tias
Thus there are constants k; and k,, also independent of x in B, such that
|T|TrH" = kl]TlTrH = k2|T|Tr H*.

|T|z u= denotes the trace class norm in L(H*). We will henceforth write |T| or
|T'| ¢, instead of |T|,4, or |T|, u, respectively, whenever no confusion may arise.
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(Vi(x)k, h)=(A(x)V{(x)k, h),. Noting the form of the right side of equation (13),
we may now apply Theorem 3 of [4] to conclude that A(x)V,(x) is of trace class.
Equation (38) of [4] gives the estimate

[AGIV.COlae e S el /a2 [ Iyl palay).

Thus Vi(x) is of trace class, and there exists a constant ¢ such that

(16) [V £ | fa2 12

for all >0 and for all x in B.
Estimates found on pp. 107-108 of [6] are easily seen to imply that, for any
operator T of finite rank in L(H),

ITe TW(x)| < c|T| |f ]t =22
We conclude that W,(x) is of trace class, with
an IWi3)|ze < el f ]t =12

Let T now be a symmetric linear operator on H of finite rank. Let {e, : i=1, ...,
n} be any orthonormal (with respect to (-, -)) basis for the range of T and let P be
the orthogonal projection of H onto the span of {¢; : i=1, ..., n}. On replacing
y by (2t)42y, we have

TeTX() = a2 [ fx43) 3 [(Tew IAC ey, »)

+(e,, ¥)(C'(x)Tery, y)1pi(dy).
For each y in H,

21 [(Te;, y)C'(x)ery, y)+ (1, ¥)(C'(x)Te,y, y)]

_ (C’(x)[él (e TA()~p)er+ T‘Z (e A(x)'l)’)e(] », y)

= (C'(X)[PTA(x)~'y+TPA(x)"*y1y, y)
and

|(C'(x)[PTA(x)~ 'y +TPA(x)~*y1y, »)| = c[|PTA(x)~'y| s+ |TPA(x)"*y | 5]l Ey|*

Theorem 5 of [2] gives the following result: for any S'in L(H), | Sy | is a measurable
seminorm and for any A>0,

prob (| Sy [~ > |S|wmA) = prob (|y] > A),

where prob may be with respect to Wiener measure of arbitrary variance. Thus
for any finite p=1,

TSy I~ N = IS |zl 121 llee-
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Applying this result to PTA(x)"* and TPA(x)~!; noting that f is bounded,
|PTA(x) |y and |TPA(x) | ) are =¢|T|yu), and that |Ey|~ is in L*(p,) for
any p=1; and then applying Lemma 5.1 give

ITr TX(x)| < | fllo|T |t =2
Since X,(x) is symmetric, we now may conclude that X;(x) is of trace class and that

(18) | Xi(0)|ze < el flwt V2.

Equations (16), (17) and (18) now show that, for fin & (m,f)"(x) is of trace class,
with

(19) |0mf) (O)ze < ellfllat =12,

Strong t-measurability of (m,f)"(x) follows since the space of trace class operators
on H is separable. If we make the change of variables y — (2¢)*2y in equations (14)
and (15) for Wy(x) and X,(x), and note the resulting manner in which ¢ occurs,
then the preceding calculations easily imply that the family {F,., : xe B, ||, =1}
where F, ;(t)= W/(x)+ X,(x) is uniformly equicontinuous as a family of functions
from an interval of the form {r=a> 0} to the space of trace class operators on H.
In addition, smoothness of C(x) and its derivatives combines with the preceding
techniques in a straightforward fashion to yield the inequality

(20) | Wi(x1) + Xi(x1) — Wix2) — Xi(xX2) e £ | fllot =2 x1—x2]|.

Similar statements concerning V,(x) are rather more difficult to prove. We now
turn our attention to Vy(x).

A test operator S is a bounded linear operator of finite rank from B to B*. With
S we may associate operators T in L(H) and T* in L(H~*) as follows: Consider the
diagrams

B B* B B*

[ b

HeZ g H"—sz> H**
via (-, *) via (¢, )

with i the injection of H or H* into B and j the embedding by restriction of B*
into H* or H**. i and j do not depend on the inner product assigned to H. How-
ever, the identification k (or k*) of H with H* (or of H* with H** respectively) via
the Riesz Representation Theorem does depend on the inner product. For y in H
we define Ty =kjSiy and T*y=k*jSiy. Since T* (or T) is a Hilbert-Schmidt operator
in L(H*) (or L(H) respectively), it is trivial to verify that there exists a constant ¢
such that
IT*|gsn = |AX)T |gsn* < ¢|T|nsn

for all x in B.
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For any test operator .S, Proposition 9 of [4] yields the formula

@1 Tr[T*Ax)V(x)] = 20)7! L S +)2t) 7Sy, y> —Tr T*]p3dy).

Since Tr [T*A(x)V(x)]=Tr [TA(x)Vi(x)A(x)], we may write

Tr T[A(x1) Vi(x1)A(x1) — A(x2) Vi(x2)A(x2)] = (1) +(ii) +(iii),

where
) = @) Utxa+p) =Gt 0)]I@N XSy, >~ Te TlpiaCey)
(i) =@2n"* L Sxa+y)[(2t)"<Sy, y> —Tr T*] [ p5i(dy) — p3(dy)],

(i) = @) | fCxa+y)[Te T = Tr T51p3p(dy),

We have
1/2
01 5 e[| 1fn+9)~fa+ o |
1/2
@ [ 1@0-2,3>-Te TP}
s et 7 fllallxy =2 [T |ms o=
< et 7Y fllalxe—x2| T s s
and

(Gl = el ={ [, 1@0-KS »>=Te Tolpatan)}
23) . { f I [det A(x,)]1/2e~Cxpu.viat

1/8
_ [det A(x2)] -12p- (C("a)y'y)/4‘| ﬂpzt(dy )}

[April

where «~*+B~1=1. Calculations in [7, p. 109] show that the second integral in the
right side of (23) is dominated by a constant times | x, — x5, independently of >0,

provided B is assigned a fixed value sufficiently close to 1.

Since equality of (Th, k) and (Tk, k) for all h and & in H is equivalent to equality
of (T*h, k), and (T*k, h),. for all h and k in H, we see that T is symmetric in L(H)
if and only if T* is symmetric in L(H*). If the restriction of S to L(H) is symmetric,

then the calculations of [4, pp. 159-160] show that, for fixed «>1,

1/2
(24) { [ 1e0-1spp>-1r Txlapst(dy)} < ol T s %



1972] DIFFUSION SEMIGROUPS ON ABSTRACT WIENER SPACE 425

where ¢, is a constant depending on « but independent of x in B. Since the H-S H*
norm of the L(H*)-symmetric part of T* is dominated by a constant times the
H-S H* norm of T* (the constant being independent of x), and since (Sy, y)> and
the trace of T* depend only on the symmetric part of 7%, (23) holds for any test
operator S.

Writing

paldy) = [det A(x)['/2e -V pg(dy),

we may easily verify that [det A(x)]'/2e€¥-v/4 g in L*(p%,) for all X in (1, 1+¢)
where &> 0 is sufficiently small. The L* norm is uniformly bounded as x varies over
B. An application of Holder’s inequality to the first integral on the right side of
(23) now yields

(25) |GD] = el fllat %=X [T |s a-
We have
[GiD)] = |l f]s2 7 HTr [A(xe) = AGIIT| < | fllat T e ne
For all S of fixed finite rank n, |T|u.s 5 and |T|r, 4 are equivalent norms. Thus

26) G = eall flla2 = %2 = %ol [T |is.5 -

Making the identifications B¥*< H*x H, let {e; : i=1,2,...} be an orthonormal
basis of H such that each e; is in B*, and let P, denote the orthogonal projection
(H) onto the span of {e,, ..., e,}. Then equations (22), (25) and (26) show that
x = P,A(x)V(x)A(x) is in Lip-1 when considered as a map from B to Hilbert-
Schmidt operators with the H-S H norm. Moreover,

27 IPnA(xl) Vi(x1)A(x;) — PrA(x3) Vt(xz)IH-SH = cn”f”lt _lllxl _xz”

with ¢, depending only on the rank n. Since in the space of bounded operators
on H with range in P, H the H-S H norm and Tr H norm are equivalent, (27) holds
with H-S H replaced by Tr.

We next wish to show that P,A4(x)Vy(x)A(x) converges to A(x)V(x)A(x) as n
— o0 in Tr H norm, with the convergence being uniform for all r12a>0, || f|, <1
and x in B. We view P, as mapping H to B* and let Q, be the unique continuous
extension of P, to L(B, B*). Then @, is a test operator. We will also view @, as an
operator in L(B, B) via the identifications B*< H*~ H< B, where the isomorphism
of H* and H is given by the inner product (-, -). Then for any test operator S,
S(Q,—0n) is also a test operator. If T and T* are the operators in L(H) and
L(H~) respectively associated with S, then T(P,—P,) and T*(P,—P,) are the
operators in L(H) and L(H*) associated with S(Q,— Q,). Now we may interpret
equation (35) of [4] as

(28)  |Tr [T*(Pa—Pu)AX)WVi(]| = c| S|t ‘IL 1S(Qn— Qm)y | P3(dy).
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We make the change of variables y — (2¢)!/2y and apply Lemma 5.1 in order to
clarify the time dependence and remove the x dependence of the right side of (28),
obtaining

(9) [T IT*(Pu=PACV < clflie = [ 1S(@u- I}

with 7 a fixed constant > 1. |S(Q,— Q,)»| is a tame function based on the finite
dimensional subspace M=(P,—P,)H, and so we may write

(30) [ 15@.-nstwia) = [ 17y 1@,

1 is Gauss measure on (M, (-, -)) with variance parameter 1. The calculations on
p. 172 of [4] yield the inequality

G [ 1y @) < 17l | 131t
But
@ [ la@) = [ 1Py @) = [ 12.- i,

Operators T* of the form which we are considering are dense in the completely
continuous operators in L(H), and so equations (28) through (32) give

@) PPV S elflat = 1(Qa= QayIR@n)}

By Corollary 5.2 of [2], |(@n—Qm)y| — 0 in probability with respect to p,.
Define

$nmD) = pi({y 2 [(@u— Q¥ |* > A}).

As n, m — oo we have ¢, ,(A) = 0 for each A>0. Define

¢ =pu{y: [yIF > A.

When n#m, |P,— Py|.a=1, and so by Theorem 5 of [2] ¢, »(X) £ 4(A). (For n=m
this inequality is trivially valid.) Thus

[ 1@u= 0y I2@) = ~[ Adbu.atd

M) =0(1) as A—> o, since M= [z |7 [72(d) and |y[* € Li(py). “Inte-
grating by parts”’’ gives

) [ 1@=0ayIn@) = [ $ra®y
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Since [g ¢(A) dA={, | y|"p.(dy) <o it follows by dominated convergence that
(35) J bam(A)dX—>0 asm,n—> oo.
0

(33), (34) and (35) imply our desired result: P,A(x)Vi(x)A(x) converges to
A(x)Vy(x)A(x) in Tr norm, the convergence being uniform for all 12a>0, | f], =1
and x in B. Now the uniform continuity of P,A4(x)V,(x)A(x) (equation (27)) and of
A(x)~?* together with their uniform boundedness (see equation (16)) imply that the
family {F; ; : tZa>0and || f|, £ 1} with F, ;(x)= V,(x) is uniformly equicontinuous
as a family of functions from B to the trace class operators in L(H).

It is easy to see that there exists a constant ¢, depending on a>0 such that

[ AV, () = Ve, (A |ws 1 £ ol fllalt1—1al,
valid for all t,, t;=a, for all fin & and x in B. The preceding calculations then
imply uniform equicontinuity of {F, ; : x€ B and |f|, <1} where F, (t)=V(x),
when considered as a family of functions from {¢ = a > 0} to the trace class operators
in L(H).

Combining our results for ¥, W and X, we see that the family {F; : | f], =1},
where Fy(t, x)=(r,f)"(x); is uniformly equicontinuous when considered as a
family of functions from {#=a >0} x B to the trace class operators in L(H).

We turn our attention now to (q,f)(x), for f in % Equation (4) enables us to
write

() af) = A+ G0

Properties of r,f(x) are given in Proposition 3 of [7]. Given 0<8<T, there are
constants ¢y and ¢, r such that, for all fin &

(i) 0<t<T= |rf]; Sext =2 f],, and

(r-ii) 8=ty, 5T = |ry f—ri,f|lw S corlti=ta] - | f]1-

Since {g, : t>0} forms a strongly continuous contraction semigroup on &, it is
immediate that g, f(x) is jointly continuous on B x (0, o). (r-i), combined with the
inequalities (10) and (19), yields

(37 |07 o) )| S cr(1+(t—u)~12)u~ 22| f]
and
(38) | it h ) O1e 1 S cx(t—u)~2u~12| 1]y,

for all x in B and O<u<t<T. The right sides of (37) and (38) are integrable func-
tions of u on (0, ¢). This justifies interchanging the order of integration and differ-
entiation in calculating derivatives of (¢,f)(x), and we thus obtain the formulas

t
(39) @0 = Y @)+ [ Ohuoraf5) d

and

(40) (4.f)"(x) = (A f)"(x) +fot (1P —uruf)"(x) du.
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The convergence of the time integrals in (39) and (40) is in H norm and Tr H norm
respectively. We see that

41) 1)) = erllfll.(1+2727)
and
42) 1) (e e < ex|| flla(1+2722)

for all x in H and 0<¢=T (we have incorporated general constants into cy). Thus
we easily verify that

@3) e = [ e @ d

with convergence of the integral in H norm, and
(“44) @' = [ ety @

with convergence of the latter integral in Tr H norm.

Finally, we must establish (x, ¢)-continuity of (¢.f)'(x) and of (g.f)"(x) on
B x (0, ), as well as uniform x-continuity of (Qf)"(x) on B. We will show that in
fact (¢f)"(x) is uniformly continuous on B x [a, b] where 0 <a<b<oo. This will
easily imply the desired uniform continuity of (Qf)"(x). We will not go through a
similar and by now straightforward verification of continuity of (g,f)"(x).

We need only consider the second term on the right side of equation (40). Let
e>0and 0<a<b<oo be given. Assume a=<t, <t,<b. Then for x, and x, in B and
fin &, we have

‘ f: " (- aruf)(2) du— L‘z iy - o) (x2)

Tr

t1
= [ 108 -5 = G- e s

t1 t2
[ 00 - - S Ol it [ Oy 5
1
= (i)+ (i) +(iii), say.
Using the inequality (38) we have

(iii) = offl: f' i (t2—u)""2u= 2 du < cq 5| fll2(12— 1)V

Thus we can find a 8, >0 such that |¢; — ;| <8, implies (iii) < | f]1¢/3. 8, is inde-
pendent of the choice of x,. For 0<A; <Ay<t;, we write

A1 A2 3%
@) = U + +f ][integrand of ()] = (iv)+(v)+(vi), say.
[} A1 A2
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We may choose 0< A; £a/2 such that

() = cbllflllf:l(’l—u)'”zu‘”z du = e[ f]./6

for all ¢, in [a, b] and all x, and x, in B. If A;=a, then
. t
(vi) £ ca,,,||f||1J; (ti—u)~ 12 du.
2

Choosing A, such that 0<2c,(t; — A;)2=¢/6, we obtain (vi) e f]|,/6. A, is inde-
pendent of x; and x, but does depend on #;. In the integrand of (v), 0 < d=[¢/12¢,}?
=t,—A;St;—u<b. Although A, depends on ¢,, d does not. Since also in (v), u is
bounded away from 0, we see that a 8,>0 exists such that |x; —x;| <8, implies
(v)S¢|f]1/6. 8, is independent of A, and of ¢,. Thus for ||x; —x;| <8, and for all
t, in [a, b] we have (i) Z¢| f]|,/3. We may similarly decompose (ii) into a sum of
three integrals, and obtain the existence of a §;>0 independent of x, such that
|t; —t5| <83 implies (ii)<e|f|./3. Finally, there exists a §,>0 such that (x,, )
€ Bx[a, b] (i=1, 2) and |x; — x| + |t; — | < 8, implies

(i) + (i) +(iii) = &]| 1]

for all fin &7 This establishes uniform continuity of (¢,f)"(x) on B x [a, b].
Referring to equation (44) for (Qf)"(x), and making a decomposition of the form

J =Ll

we immediately verify uniform continuity of (Qf)"(x).
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